Rules for miscellaneous integrands

Substitution integration rules

[a+bF[c _m]]"

1: dx when Cdf-Aeg=0 ABeg-C(ef+dg) =0 Anez*
A +Bx+Cx?

Derivation: Integration by substitution

Basis:F[x] =2 (ef-dg) Subst{ X f[-EX] ) x, ddex | g Vdiex

(e-gx?)* e-gx? VEigx 1T JFrgx
e _ _ 1 _ 2eg 1
Basis:If Cdf-Aeg-=-0 ABeg-C (ef+dg) = 0,then ABx o ~ Clefdg Subst{x

Rule:lf Cdf-Aeg-=-0 ABeg-C(ef+dg) ==0 A nez',then

(a+bF[c Yarex ]n

+ Frgx 2eg (a+bF[cx])" Vd+ex
dx — —Subst[f— dx, x, ——
A+Bx+Cx? C(ef-dg) X "/f+gx

Program code:

Int[(a_.+b_.F_[c_.*Sqrt[d_.+e_.+x_]1/Sqrt[f_.+g_.*x_]])"n_./(A_.+B_.*x_+C_.*x_"2),x_Symbol] :=
2xexg/ (Cx (exf-dxg)) *Subst [Int[ (a+bxF [cxX])*n/X,X],X,Sqrt [d+exx] /Sqrt[f+g+x]] /;
FreeQ[{a,b,c,d,e,f,g,A,B,C,F},x] & EqQ[Cxd»f-Axe+g,0] & EqQ[Bxexg-Cx (exf+dxg),0] && IGtQ[n,0]

Int[(a_.+b_.F_[c_.+Sqrt[d_.+e_.+x_]1/Sqrt[f_.+g_.*x_]])"n_./(A_.+C_.*x_"2),x_Symbol] :=
2xexg/ (Cx (exf-dxg) ) »Subst [Int[ (a+bxF [cxX])*n/X,X],X,Sqrt [d+exx] /Sqrt[f+g*x]] /;
FreeQ[{a,b,c,d,e,f,g,A,C,F},x]| & EqQ[Cxdxf-Axexg,0] & EqQ[exf+dxg,0] & IGtQ[n,O]

a+bF[c _m]]n

4/ f+gx

2: dx when Cdf-Aeg=0 ABeg-C(ef+dg) =0 An¢z*
A+Bx+Cx?

Rule:if Cdf-Aeg-=-0 ABeg-C(ef+dg) ==0 A n¢Z", then

)X)

\d+e x
JFegx

d+e x

i

f+gx
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[am[ ETTR a+bp[ V—]]

f+gx F+gx
dx — dx
A+Bx+Cx? A+Bx+Cx?

Program code:
Int[(a_.+b_.F_[c_.*Sqrt[d_.+e_.+x_]/Sqrt[f_.+g_.*x_]])"n_/(A_.+B_.*x_+C_.*x_"2),x_Symbol] :=
Unintegrable[ (a+b+F[c+Sqrt[d+exx]/Sqrt[f+g«x]]) n/ (A+Bxx+Cxx"2),x] /;
FreeQ[{a,b,c,d,e,f,g,A,B,C,F,n},x] & EqQ[C+d+f-Axexg,0] && EqQ[Bxexg-C (exf+dxg),0] & Not[IGtQ[n,O]]
Int[(a_.+b_.«F_[c_.+Sqrt[d_.+e_.+x_]/Sqrt[f_.+g_.*x_]])"n_/(A_+C_.#x_"2),x_Symbol] :=

Unintegrable[ (a+b*F[c+Sqrt[d+exx]/Sqrt[f+g«x]]) n/(A+Cxx"2),x] /;
FreeQ[{a,b,c,d,e,f,g,A,C,F,n},x] && EqQ[Cxdxf-Axexg,0] && EqQ[exf+d+g,0] & Not[IGtQ[n,O]]

Derivative divides integration rules
1: Jy [x] dx
yIx]

Reference: G&R 2.111.1.2, CRC 27, A&S 3.3.15

Derivation: Integration by substitution and reciprocal rule for integration

Note: Although powerful, this rule is not tried earlier because it is inefficient.

Rule:

Jy [x] dx — Log[y[Xx]]
y[x]

Program code:

Int[u_/y_,x_Symbol] :=
With[{qg=DerivativeDivides[y,u,x]},
q*Log [RemoveContent[y,x]] /;
Not [FalseQ[q]]]
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2:

Int[u_/ (y_»w_),x_Symbol] :=
With[{q=DerivativeDivides [y+w,u,x]},
q*Log [RemoveContent [y*w,Xx]] /;
Not [FalseQ[q]]]

y' [x] y[x]"dx when m# -1

Reference: G&R 2.111.1.1, CRC 23, A&S 3.3.14
Derivation: Integration by substitution and power rule for integration

Note: Although powerful, this rule is not tried earlier because it is inefficient.

Rule: If m + -1, then

y[x]m+1
m+1

Jy’ [X] y[x]"dx —

Program code:

Int[u_xy_”m_.,x_Symbol] :=
With[{q=DerivativeDivides[y,u,x]},
qxy”~ (m+1) / (m+1) /;
Not[FalseQ[ql]l] /;
FreeQ[m,x] && NeQ[m,-1]

Int[u_*y “m_.*z_“n_.,x_Symbol] :=
With[{q=DerivativeDivides [y+z,u*z* (n-m),x]},
qxy” (m+1) *z” (m+1) / (m+1) /;
Not[FalseQ[q]]] /;
FreeQ[{m,n},x] && NeQ[m,-1]



Rules for miscellaneous integrands

Algebraic simplification integration rules

1: ju dx when SimplerIntegrandQ[SimplifyIntegrand[u, x1, u, X]

Derivation: Algebraic simplification
Rule: Letv = SimplifyIntegrand[u, x],if SimplerIntegrandQ[v, u, x],then

judlx — vdx

Program code:

Int[u_,x_Symbol] :=
With[{v=SimplifyIntegrand[u,x]},
Int[v,x] /;
SimplerIntegrandQ[v,u,x] |
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m
2, Ju (e\/a+bx" +-F'\/c+dx"] dx whenmez-

m
1: Ju (e\/a+bx" +f\/c+dx"] dx when me z~ A be? == d f2

Derivation: Algebraic simplification

Basis: If b e? == d 2, then 1 __ eva:b 22—-F \/2c+d z
eatbz +f+/cidz ael-cf

Rule:If me z~ A be? == d 2, then

Ju (e\/a+bx" +f\/c+dx" )mdlx — (aez—cfz)'"Ju (e\/a+bx“ —f\/c+dx")-mdlx

Program code:

Int[u_.+(e_.#Sqrt[a_.+b_.*x_"n_.]+f_.xSqrt[c_.+d_.*x_"n_.])"m_,x_Symbol]| :=
(axen2-cxf~2) “m+Int [ExpandIntegrand [ux (exSqrt[a+bxx n]-fxSqrt[c+d+x"n])~(-m),x],x] /;
FreeQ[{a,b,c,d,e,f,n},x] & ILtQ[m,0] & EqQ[bxe"2-df~2,0]
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m
2: Ju (e\/a+bx" +f\/c+dx"] dx whenmez A ae?=cf?

Derivation: Algebraic simplification

i bz f/cidz
Basis: If a e2 == ¢ 2, then 1 - eva+
’ eJatbz +f+/c+dz (bezfd'fﬁ) z

Rule:lf me z- A ae? == c 2, then

Ju (e\/a+bx" +-F\/c+dx" ]mdlx — (bez—dfz)mjuxm" (e\/a+bx" —-F\/c+dx")_md1x

Program code:

Int[u_.+(e_.+Sqrt[a_.+b_.*x_"n_.]+f_.+Sqrt[c_.+d_.*x_"n_.]1)"m_,x_Symbol] :=
(bxe~2-dxf~2) “mxInt [ExpandIntegrand [uxx” (mxn) = (exSqrt[a+bxx n]-fxSqrt [c+d+x*n])~ (-m),x],x] /;
FreeQ[{a,b,c,d,e,f,n},x] & ILtQ[m,0] & EqQ[axe"2-cxf"2,0]

3: Ju"‘ (au"+v)pwd1x whenpeZ A n30

Derivation: Algebraic simplification
Basis: If p € Z,then (au" + v)P = u"P (a+u"v)P
Rule:lif peZ A n # 0,then

Ju’" (au" +v)pwdlx — Ju’"""p (a+u‘"v)pwdlx

Program code:

Int[u_"m_.*(a_.*u_"n_+Vv_)"p_.*w_,x_Symbol] :=
Int[u” (m+n%p) * (a+u” (-n) *V) *p*xw,Xx] /;
FreeQ[{a,m,n},x] && IntegerQ[p] && Not[GtQ[n,0]] && Not[FreeQ[v,x]]
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Derivative divides integration rules

1: [y'[x] (a+by[x])" (c+dy[x])"dx

Derivation: Integration by substitution
Rule:

Jy'[x] (@a+by[x])" (c+dy[x])"dx — Subst[j(a+bx)’" (c+dx)"dx, X, y[x]]

Program code:

Int[u_=*(a_.+b_.*xy )*m_.*x(c_.+d_.*v_)”~n_.,x_Symbol] :=
With[{q=DerivativeDivides[y,u,x]},
gq+Subst [Int[ (a+bxXx) *mx (c+d*Xx) *n,Xx],X,y] /;

Not [FalseQ[q]]] /;

FreeQ[{a,b,c,d,m,n},x] && EqQ[V,Yy]
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2: Jy’[x] (@a+by[x])" (c+dy[x])" (e+fy[x])®dx

Derivation: Integration by substitution
Rule:

Jy’[x] (@a+by[x])" (c+dy[x])" (e+fy[x])Pdx — Subst[j(a+bx)“‘ (c+dx)" (e +fx)Pdx, x, y[x]]

Program code:

Int[u_x(a_.+b_.xy_) m_.*(c_.+d_.*v_)"n_.«(e_.+f_.»w_)"p_.,x_Symbol] :=
With[{q=DerivativeDivides[y,u,x]},
q*Subst[Int[ (a+bxx) *mx (c+dxx) *nx (e+fxx) *p,x],Xx,y] /;

Not [FalseQ[q]]] /;

FreeQ[{a,b,c,d,e,f,m,n,p},x] && EqQ[v,y] && EqQ[w,y]

3: |y'[x] (@a+by[x])" (c+dy[x])" (e+Ffy[x])® (g+hy[x])%dx

Derivation: Integration by substitution
Rule:

~J‘y’[x] (@a+by[x])" (c+dy[x])" (e+fy[x])? (g+hy[x])%dx — Subst[J(a+bx)’" (c+dx)" (e+fx)? (g+hx)%dx, x, y[x]]

Program code:

Int[u_x(a_.+b_.#y_) m_.*(c_.+d_.*v_)"n_.x(e_.+f_.xw_) p_.»(g_.+h_.+z_)~q_.,x_Symbol] :=
With[{r=DerivativeDivides[y,u,x]},
rxSubst [Int [ (a+bxXx) *mx (c+d*X) *nx (e+f*x) Apx* (g+hxX) "q,x] ,x,y] /3

Not[FalseQ[r]]] /;

FreeQ[{a,b,c,d,e,f,g,h,m,n,p,q},x] & EqQ[V,y] && EqQ[w,y] & EqQ[z,y]



©
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4: J-y’[x] (a+by[x]")?ax

Derivation: Integration by substitution
Rule:

jy’[x] (a+by[x]")?Pax — Subst[J(a+bx")pdx, X, y[x]]

Program code:
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5: Jy’[x] yIx]" (a+by[x]")? dx

Derivation: Integration by substitution
Rule:

Jy’[x] yIx]" (a+by[x]")Pdx — Subst[Jx’" (a+bx")?dx, x, y[x]]

Program code:

Int[u_.*v_"m_.*x(a_.+b_.*xy *n_)"p_.,x_Symbol] :=
Module|[{q,r},
q*r*Subst [Int [x"m* (a+b*x”*n) *p,x],X,y] /;
Not [FalseQ[r=Divides[y*m,v~m,x] || && Not[FalseQ[q=DerivativeDivides[y,u,x]]]] /;
FreeQ[{a,b,m,n,p},x]

6: |y [x] (a+by[x]"+cy[x]?")"dx

Derivation: Integration by substitution
Rule:

Jy'[x] (a+by[x]"+cy[x]?*")?Pdx — Subst[J(a+bx"+cx2")pdx, X, y[x]]

Program code:

Int[u_.*x(a_.+b_.*y_"n_+c_.*v_"n2_.)"p_,x_Symbol] :=
With[{qg=DerivativeDivides[y,u,x]},
g*Subst [Int[ (a+b*x*n+cxx” (2xn) ) *p,x],X,y] /;
Not[FalseQ[q]]] /;
FreeQ[{a,b,c,n,p},x] & & EqQ[n2,2xn] && EQQ[V,Yy]

10
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" Jy'["] (A+By[x]") (a+by[x]"+cy[x]*")" dx

Derivation: Integration by substitution
Rule:

Jy’[x] (A+By[x]") (a+by[x]"+cy[x]2")pd]x — Subst[J(A+Bx") (a+bx"+cx2")pd1x, X, y[x]]

Program code:

Int[u_.*»(A_+B_.*y "n_) (a_.+b_.*v_"n_+c_.*Ww_"n2_.)"p_.,x_Symbol] :=
With[{qg=DerivativeDivides[y,u,x]},
q+Subst [Int [ (A+BxX”*n) * (a+b*x*n+c*X”" (2%n) ) *p,x],X,y] /;

Not [FalseQ[q]]] /;

FreeQ[{a,b,c,A,B,n,p},x] & & EqQ[n2,2xn] && EqQ[v,y] && EqQ[w,Yy]

Int[u_.»(A_+B_.xy_"n_) (a_.+C_.*W_"n2_.)"p_.,x_Symbol] :=
With[{q=DerivativeDivides[y,u,x]},
gq*Subst [Int [ (A+BxXx”n) * (a+C*X” (2%n) ) *p,x],X,y] /;

Not [FalseQ[ql]l] /;

FreeQ[{a,c,A,B,n,p},x] &% EqQ[n2,2xn] && EqQ[w,Y]

11
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& Jy’[x] yIx]" (a+by[x]"+cy[x]*")" dx

Derivation: Integration by substitution
Rule:

jy’[x] y[x1™ (a+by[x]"+cy[x]2")pd1x — Subst[Jx'" (a+bx"+cx2")pd]x, X, y[x]]

Program code:

Int[u_.*v_"m_.*x(a_.+b_.*y "n_+c_.*w_"n2_.)"p_.,x_Symbol] :=
Module|[{q,r},
q*r*Subst [Int [X*m* (a+b*x*n+c*Xx” (2xn) ) *p,x],X,y] /;
Not [FalseQ[r=Divides[y*m,v~m,x] || && Not[FalseQ[q=DerivativeDivides[y,u,x]]]] /;
FreeQ[{a,b,c,m,n,p},x] &% EqQ[n2,2xn] &% EqQ[w,Y]

9: |y [x]1y[x]" (A+By[x]") (a+by[x]"+cy[x]*")°dx

Derivation: Integration by substitution
Rule:

Jy'[x] y[x1" (A+By[x]") (a+by[x]"+cy[x]2")pdlx — Subst[Jx’" (A+Bx") (a+bx"+cx2")pd1x, X, y[x]]

Program code:

Int[u_.*z_"m_.*x(A_+B_.*xy_"n_)=*(a_.+b_.*v_"n_+c_.*w_"n2_.)"p_.,x_Symbol] :=
Module|[{q,r},
q*r*Subst [Int [X*m% (A+Bx*X”*n) » (a+b*Xx*n+c*X”" (2%n) ) *p,x],X,y] /;
Not [FalseQ[r=Divides[y*m,z"m,x] || && Not[FalseQ[q=DerivativeDivides[y,u,x]]]] /;
FreeQ[{a,b,c,A,B,m,n,p},x] &% EqQ[n2,2xn] && EqQ[V,y] && EqQ[w,y]

12
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Int[u_.*xz_"m_.%(A_+B_.*y_“n_)=*(a_.+C_.*W_"n2_.)"p_.,x_Symbol] :=
Module|[{q,r},
qxr*Subst [Int [x*mx (A+BxXx"n) * (a+C*Xx”" (2%n) ) *p,x],X,y] /;
Not [FalseQ[r=Divides[y~m,z"m,x]]] && Not[FalseQ[q=DerivativeDivides[y,u,x]1]]] /;
FreeQ[{a,c,A,B,m,n,p},x] & & EqQ[n2,2xn] && EQQ[w,Yy]

m

10: |y'[x] (a+by[x]")" (c+dy[x]")"dx

Derivation: Integration by substitution
Rule:

J&Tx](a+byw]Um(c+dyw]Updx.q gmstL[@+bxﬂ”(c+dxﬂpdx,x,yn]]

Program code:

Int[u_.x(a_.+b_.xy_"n_)"m_.*(c_.+d_.*v_"n_)"p_.,x_Symbol] :=
With[{q=DerivativeDivides[y,u,x]},
gq*Subst [Int[ (a+b*x”n) “mx (c+d*x"n) *p,x]1,X,y] /;

Not [FalseQ[ql]l] /;

FreeQ[{a,b,c,d,m,n,p},x] & & EqQ[V,Yy]

13
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M: |y [x] (a+by[x]")" (c+dy[x]")? (e+ fy[x]")?dx

Derivation: Integration by substitution
Rule:

JY[H @+by[ﬂ"w(c+dyulﬂp(e+fywlﬂqu—»SthL[@+bxﬂm(c+dﬂ)p@+fxﬂqu,x,yH]]

Program code:

Int[u_.#(a_.+b_.xy_"n_)"m_.*(c_.+d_.*v_"n_)"p_.x(e_.+f_.xw_"n_)~q_.,x_Symbol]| :=
With[{r=DerivativeDivides[y,u,x]},
r+Subst [Int [ (a+bxx”n) “m+ (c+d+x"n) *px (e+fxx*n)*q,x],x,y] /;

Not[FalseQ[r]]] /;

FreeQ[{a,b,c,d,e,f,m,n,p,q},x]| && EqQ[v,y] & EqQ[w,y]

14
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12. [uFYdx

1: ju FVdx when 6,v ==u

Derivation: Integration by substitution

Rule: If O,V == u, then

Program code:

ju FVdx —

FV
Log[F]

15
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2: [uv"FYdx when o,v==u

Derivation: Integration by substitution

Rule: If Oyv == u, then

Program code:

ju VIFVdx — Subst[jx"' F*dx, X, v]

16
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13. J?[f[x]% gIx1%] F[x1"g[x1° (c ' [x] g[x] +d f[x] g'[x]) dx

. P a\mr s . P R R
1: Ju (a+bvPwh)" v w dx whenp (s+1) =q (r+1) Ar#-1A ez A FreeQ[pwaquvaxw, x]

Derivation: Integration by substitution

Basis:Ifp (s+1) =q (r+1) Ar+-1A F% € Z,then

FIfIx]Pg[x]9] f[x]"g[x]° (pgIx] f [x] +qf[x] g[x]) =
ﬁSubst[F[xﬁ}, x, F[x]™1g[x]s*t] oy (Flx] Tt gx]s*)

Rule:lfp (s+1) =q(r+1)Ar+ -1 A 2-cz,letc = —*——,if FreeQ[c, x],then

r+1 p W OxV+q V OxW
c
J-u (a+bvPwd)" v wdx — P Subst[J-(a + bx%)mdlx, X, v+t ws"l]
r+1

Program code:

Int[u_=x(a_+b_.*v_"p_.s*w_“p_.)"m_.,x_Symbol] :=
With[{c=Simplify[u/ (Ww+D[v,X]+v+D[w,x])1},
c*xSubst [Int[ (a+bxx”p) *m,x],X,Vv*w] /;

FreeQ[c,x]]| /;

FreeQ[{a,b,m,p},x] &% IntegerQ[p]

Int[u_=x(a_+b_.*xv_"p_.*w_"q_.)"m_.*v_"r_.,x_Symbol] :=
With[{c=Simplify[u/ (p»wD[V,x]+q*v+D[w,x])1},
cxp/ (r+1) *Subst [Int[ (a+b*x” (p/ (r+1)))*m,x],X,Vv* (r+l) *xw] /;
FreeQ[c,x]] /;
FreeQ[{a,b,m,p,q,r},x] &% EqQ[p,q*(r+1)] && NeQ[r,-1] &&% IntegerQ[p/ (r+l)]

Int[u_=*(a_+b_.*v_"p_.*w_"q_.)"m_.*v_"r_.xw_"s_.,x_Symbol] :=
With[{c=Simplify [u/ (p»wxD[V,x]+q#V«D[w,x])]1},
cxp/ (r+1) *Subst [Int[ (a+bxx” (p/ (r+1)))*m,x],X,v* (r+1) *w™(s+1)] /;
FreeQ[c,x]]| /;
FreeQ[{a,b,m,p,q,r,s},x] & EqQ[p* (s+1) ,q* (r+1)] &&% NeQ[r,-1] && IntegerQ[p/ (r+l)]

17
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. p q\m,r. s . 9 _u
2: Ju (avP+bw!)"v widx whenp (s+1) +q (mp+r+1) =0 A s#-1A ez Ameza Fr‘eeQ[pwaxv_qvaxw,x]

Derivation: Integration by substitution

Basis:Ifp (s+1) +g(mp+r+1) =0 As+1+0 A S—%ez A me Z,then
(@f[x]P+bg[x]NH"F[x]"g[x]* (pglx] ' [x] -qf[x] g[x]) =

—S—‘jISubst[ a+bx?iL1)m, X, ﬂx]mpwlg[x]sﬂ} Ox (FIx]mPerl g [x]5°1)
) Rule:lf p (s+1) +g (mp+r+1) =0 A s+ -1A s_i]IEZ AmezZ,letc = m,if FreeQ[c, x],then

c
ju (avP+bw!)" v wdx — - g

q_ m 1 1
Subst[J-(a + bxm) dx, x, v"PrTHE st ]
s+1

Program code:

Int[u_=x(a_.»v_"p_.+b_.*w_"q_.)"m_.,x_Symbol] :=
With[{c=Simplify[u/ (p»wD[V,X]-q«v+D[w,x])1},
cxpxSubst [Int[ (b+axx”~p) *m,x],X,vxw” (mxq+1)] /;
FreeQ[c,x]]| /;
FreeQ[{a,b,m,p,q},x] & & EqQ[p+qx (mxp+1) ,0] && IntegerQ[p] && IntegerQ[m]

(* Int[u_=x(a_.*v_"p_.+b_.*w_"q_.)"m_.,x_Symbol] :=
With[{c=Simplify[u/ (p»wD[V,x]-q*v+D[w,x])1},
-cxq*xSubst [Int[ (a+bxx”"q) *m,X] ,X,V™ (Mmxp+1) *w] /;
FreeQ[c,x]] /;
FreeQ[{a,b,m,p,q},x] &% EqQ[p+q* (mxp+1) ,0] && IntegerQ[q] && IntegerQ[m] =x)

Int[u_=*(a_.»v_"p_.+b_.*w_"q_.)"m_.*v_"r_.,x_Symbol] :=
With[{c=Simplify [u/ (p»wxD[V,x]-q#V«D[w,x])]1},
-cxq*xSubst [Int[ (a+bxx”"q) *m,X] ,X,V" (Mxp+r+1) xw] /;
FreeQ[c,x]]| /;
FreeQ[{a,b,m,p,q,r},x] &% EqQ[p+q* (mxp+r+l),0] && IntegerQ[q] && IntegerQ[m]
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Int[u_=*(a_.*v_"p_.+b_.*w_"q_.)” m_.*w_"s_.,x_Symbol] :=
With[{c=Simplify[u/ (p»wD[V,x]-q*v+D[w,x])1},
-cxq/ (s+1) *Subst [Int[ (a+b*x” (q/ (s+1)) ) *m,x],X,v* (mxp+1) *w” (s+1)] /;
FreeQ[c,x]] /;
FreeQ[{a,b,m,p,q,s},x] &% EqQ[p* (s+1) +q* (mxp+1) ,0] && NeQ[s,-1] && IntegerQ[q/ (s+1)] &% IntegerQ[m]

Int[u_=*(a_.»v_"p_.+b_.*w_"q_.)"m_.*v_"r_.*w_"s_.,x_Symbol] :=
With[{c=Simplify[u/ (p»w*D[v,x]-q*v+D[w,x])1},
-c*q/ (s+1) *Subst [Int[ (a+bxx” (q/ (s+1)) ) ~*m,X] ,X, VA (Mmxp+r+1l) *w” (s+1)] /;
FreeQ[c,x]]| /;
FreeQ[{a,b,m,p,q,r,s},x] & & EqQ[p* (s+1) +q* (mxp+r+1l) ,0] && NeQ[s,-1] & IntegerQ[q/ (s+1)] && IntegerQ[m]

Substitution integration rules

1: jx"‘ F[x“‘*l] dx when m# -1

Derivation: Integration by substitution

Basis: If m # -1, then x™ F[x™?] = L= F|[x™!] g, x™?

Rule: If m # -1, then

J.x"' F [x"‘*l] dx —

Subst[JF[x] dx, X, x'“"l]
m+1

Program code:

Int[u_*x_"m_.,x_Symbol] :=
1/ (m+1) *Subst [Int [SubstFor [x" (m+1) ,u,X],X],X,x*(m+1)] /;
FreeQ[m,x] && NeQ[m,-1] & & FunctionOfQ[x” (m+1) ,u,X]
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2: JF“a+bxﬁm,x]dxwhm1neZ

Derivation: Integration by substitution

Basis: If nez, then F | (a+bx)™", x| = 2 Subst|x"1F|x, -2+ X |, x, (a+bx)¥"| 6y (a+bx)"

Rule: If n € Z, then

a

X

n
J-F[(a+bx)1/", x] dx — 2Subs’c[J-x"‘lF[x, -— —] dx, X, (a+bx)1/"]
b b

b

Program code:

If[TrueQ[$LoadShowSteps],

Int[u_,x_Symbol] :=
With[{lst=SubstForFractionalPowerOfLinear [u,X]},
ShowStep["","Int[F[ (a+bxx)~(1/n),x],x]",
"n/bxSubst [Int [x” (n-1) *F [X,-a/b+x*n/b],x],X, (a+b*x)~(1/n)]1",Hold[
Ist[[2]]*1st[[4]]*Subst[Int[1st[[1]],x],X,1st[[3]]1~(1/1st[[2]])11] /;
Not [FalseQ[lst]] && SubstForFractionalPowerQ[u,lst[[3]],x]] /3

SimplifyFlag,

Int[u_,x_Symbol] :=
With[{lst=SubstForFractionalPowerOfLinear [u,X]},
1st[[2]]*1st[[4]]#Subst[Int[lst[[1]],X],X,1st[[3]11~(1/1st[[2]1])] /3

Not [FalseQ[lst]] & SubstForFractionalPowerQ[u,lst[[3]],x]]]
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a+bx)l/n
3: F[ ,x]dlxwhennez
c+dx

Derivation: Integration by substitution

Basis: If nez, then F [ (2:2X) %" x] = n (bc-ad) Subst[ﬁim Flx, 522X, x, (2bx)¥N] g, (2:bx)d/m

Rule: If n € 7, then

1

a+bx)/n x"" a+bx)i/n
IF[( ) ,x]dlx—»n(bc—ad)Subst[j F[x, ]dlx,x, [ ) ]
c+dx (b—dx")z b-dx" c+dx

Program code:

If[TrueQ[$LoadShowSteps],

Int[u_,x_Symbol] :=
With[{lst=SubstForFractionalPowerOfQuotientOfLinears[u,x]},
ShowStep["","Int[F[ ( (a+b*x) / (c+d*x))~(1/n),x],x]",

"nx (bxc-axd) *Subst [Int [x" (n-1) *F [X, (-a+c*x”*n) / (b-d*x”*n) ]/ (b-d*x"n) *2,x],X, ( (a+b*x) / (c+d*x) )"~ (1/n)]",Hold[
1st[[2]]+1st[[4]]*Subst[Int[lst[[1]],X],X,1st[[3]]1~(1/1st[[2]11)1]1] /3

Not [FalseQ[1lst]]] /;

SimplifyFlag,

Int[u_,x_Symbol] :=
With[{lst=SubstForFractionalPowerOfQuotientOfLinears[u,x]},
Ist[[2]]#1st[[4]]*Subst[Int[1lst[[1]],x],x,1st[[3]1]1~(1/1st[[2]])] /;

Not [FalseQ[1lst]]]]
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Piecewise constant extraction integration rules

1: Ju (v"w"---)Pdx whenp ¢z

Derivation: Piecewise constant extraction

. m n p
Basis: 8, (2FXI"G[x]" )P
asls: Ox FIx1"P G x| ... 0
. . (an wh )p o aIntPar‘t{pJ (an wh _._)Fr‘acPar‘t[pl
BaSIS' VTP WP ... - ymFracPart[p] | nFracPart[p] |

Rule: If p ¢ Z, then

FracP.
aIntPart[p] (a v wh ) racPart[p]

u (a Vm Wn ) p dx —s u Vm FracPart[p] wn FracPart[p] | dx
yMFracPart[p] \ nFracPart([p]

Program code:

Int[u_.*(a_.*v_"m_.*w_"n_.*z_"q_.)" p_,x_Symbol] :=
a*IntPart[p] * (axv mxw nxz"~q) *FracPart[p]/ (v (mxFracPart[p]) *w”" (nxFracPart[p]) *z”~ (gqxFracPart[p]) ) *Int [uxVv" (mxp) *W" (nxp) *z" (p*q) ,X] /;
FreeQ[{a,m,n,p,q},x] && Not[IntegerQ[p]] && Not[FreeQ[v,x]] && Not[FreeQ[w,x]] && Not[FreeQ[z,x]]

Int[u_.*(a_.*v_"m_.*w_"n_.)" p_,x_Symbol] :=
a*IntPart[p] * (axv m+w”n) *FracPart[p]/ (v* (mxFracPart[p]) *w” (nxFracPart[p]) ) *Int [uxv" (mxp) *W* (nxp) ,X] /;
FreeQ[{a,m,n,p},x] && Not[IntegerQ[p]] && Not[FreeQ[v,x]] && Not[FreeQ[w,X]]

Int[u_.*(a_.*v_"m_.)"p_,x_Symbol] :=
a*IntPart[p] * (axv”m)*FracPart[p] /v (mxFracPart[p]) *Int[uxv”" (mxp),Xx] /;
FreeQ[{a,m,p},x] &% Not[IntegerQ[p]] && Not[FreeQ[v,x]] && Not[EqQ[a,1] &% EqQ[m,1]] && Not[EqQ[v,x] && EqQ[m,1]]
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2.Ju@+bvﬂdeWan$ZAneZ‘

1: Ju (a+bx")Pdx whenp¢z A nez-

Derivation: Piecewise constant extraction

Basis: 9, —2bx")" _ __ g

xnP <1+%)p B

Rule:lf p¢Z A nez,then

pIntPart(p] (a +b X") FracPart[p] ax"\P
u(a+bx")Pdx — ux"? 1+ dx
X

n FracPart[p] (1 + ﬁ)FracPart[p] b
b

Program code:

Int[u_.*(a_.+b_.*x_"n_)"p_,x_Symbol] :=
b~IntPart[p] * (a+bxx”n) ~FracPart[p]/ (x* (nxFracPart[p]) * (1+a*x” (-n) /b) ~FracPart[p]) *Int [uxXx” (nxp) * (1+a*x” (-n) /b) *p,x] /;
FreeQ[{a,b,p},x] && Not[IntegerQ[p]] && ILtQ[n,0] && Not[RationalFunctionQ[u,x]] && IntegerQ[p+1/2]
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2: Jh(a+bvﬂde\anp¢z Anez-

Derivation: Piecewise constant extraction

(a+rb F[x]MP

Basis: Oy FIx1"P (bra P TP
Tee (a+bvMP B (a+b yn) FracPart(p]
BaS|S- Vv"P (b+av")P "~ ynFracPart[p] (b+a V7n>Fr‘acPar‘t[p]

Rule:lf p¢Z A nez,then

(a +b Vn) FracPart[p]

vh FracPart[p] (b +a V'n) FracPart[p]

Ju (a+bv")pd1x—> juv"p(b+av'")pdx

Program code:

Int[u_.x(a_.+b_.*v_"n_)~p_,x_Symbol] :=
(a+bxv~n) *FracPart[p]/ (v” (nxFracPart[p]) = (b+a*v” (-n) ) *FracPart [p]) *Int [uxv” (nxp) * (b+axVv” (-n))*p,x] /;
FreeQ[{a,b,p},x] & Not[IntegerQ[p]] && ILtQ[n,0] && BinomialQ[v,x] && Not[LinearQ[v,x] ]
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3: Ju (a+bx"v")Pdx whenp¢z A nez"

Derivation: Piecewise constant extraction

(a+b X" F[x]M)P

Basis: Ox FIX17P (bxraF x| T
e (a+b x™vM)P o (a+b x™ yn) FracPart [p]
BaS|S- Vv"P (b x"+a V—n)p "~ ynFracPart(p] (me+a an)Fr*acPar‘t[p]

Rule:lf p¢Z A nez,then

(a +bx" Vn) FracPart[p]

Ju (a+bx’“v")Pd1x—> juv"p(bxm+av'")pdx

vh FracPart[p] (b X"+ a v_n) FracPart[p]

Program code:

Int[u_.*(a_.+b_.*x_"m_.*v_"n_)”"p_,x_Symbol] :=
(a+bx*x*mxv~n) ~FracPart [p]/ (v* (nx*FracPart[p]) * (b*x”*m+axv” (-n) ) *FracPart[p]) *Int [uxv" (nxp) * (bxx*m+a*Vv”~ (-n))*p,x] /;
FreeQ[{a,b,m,p},x] &% Not[IntegerQ[p]] &% ILtQ[n,0] && BinomialQ[v,Xx]

4: ju (ax"+bx5)"'dlx whenm ¢ Z

Derivation: Piecewise constant extraction

[ r s\ym o
Basis: Oy —@X=bx)"_ g

X" (a+b xsm)m

(ax'"+b Xs>m . (ax'"+b Xs>Fr~acPar‘t[m]
X" (a+b xs")m " xrFracPart(m] (a+b x5°1) FracPart[m]

Basis:

Note: This rule should be generalized to handle an arbitrary number of terms.

Rule: If m ¢ Z, then



Rules for miscellaneous integrands

(a x" +b XS) FracPart[m]

_r\ FracP,
x" FracPart[m] (a +bxs r) racPart[m]

Ju (ax'"+bx5)md1x — ux"" (a+bxs‘r)md1x

Program code:

Int[u_.x(a_.*x_"r_.+b_.*x_"s_.)"m_,x_Symbol] :=
with[{v= (a*xx~r+bxx”s) ~FracPart[m] / (x* (rxFracPart[m]) * (a+b*x” (s-r) ) ~FracPart[m]) },
vxInt [uxx” (m*r) * (a+bxx" (s-r) ) m,x] /;

NeQ[simplify[v],1]] /;

FreeQ[{a,b,m,r,s},x] & & Not[IntegerQ[m]] && PosQ[s-r]

Algebraic expansion integration rules

u
1: J dx when nez*
a+bx"

Derivation: Algebraic expansion

Rule: If n € z7, then

u

u
J dx — JRationalFunctionExpand[ B x] dx

a+bx" a+bx"

Program code:

Int[u_/(a_+b_.*x_"n_),x_Symbol] :=
With[{v=RationalFunctionExpand[u/ (a+b*x"n),x]},
Int[v,x] /;

sumQ[vl] /;
FreeQ[{a,b},x] && IGtQ[n,0]
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2. Ju (a+bx"+cx2")pdlx
1. Ju (a+bx"+cx2")pdlx when b?2-4ac=0

1: Ju (a+bx"+cx*")Pdx whenb®-4ac=0 A pez

Derivation: Algebraic simplification

Basis: If b2-4ac =0,thena+bz+cz?-= (b+2cz)?

1
4c

Rule:If b>-4ac==0 A p ez then

ju (a+bx"+cx2")pd1x—> Ju (b+2cx")2pd1x

4P cP

Program code:

Int[u_=*(a_.+b_.*x_"n_.+c_.*x_"n2_.)"p_.,x_Symbol] :=
1/ (4"p*c”p) *Int [ux (b+2xCcxx”*n)~ (2xp) ,x] /;
FreeQ[{a,b,c,n},x] & EqQ[n2,2+n] & EqQ[b~2-4xaxc,0] & IntegerQ[p] && Not[AlgebraicFunctionQ[u,x] ]
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2: ju (a+bx"+cx*")Pdx when b>-4ac=0 A p¢z

Derivation: Piecewise constant extraction

(a+b X"+ x“)p
(b+2 c x") 2P

::@

Basis: If b%> — 4 a ¢ == 0, then o,

Rule:If b>-4ac =0 A p ¢ Z,then

(a+bx“+cx2")p

Ju (a+bx"+cx2“)pdlx—> ju (b+2cx")2pd1x

(b+2cx“)2"

Program code:

Int[u_=*(a_.+b_.*x_"n_.+c_.*x_"n2_.)"p_,x_Symbol] :=
(a+bxx*n+c*xx” (2xn) ) *p/ (b+2xc*x”n) * (2xp) *Int [ux (b+2xc*xx*n) ~ (2xp) ,x] /;
FreeQ[{a,b,c,n,p},x] & EqQ[n2,2xn] && EqQ[b*2-4xaxc,0] &% Not[IntegerQ[p]] && Not [Algebr‘aicFunctionQ[u,x]]
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2. J-u (a+bx"+cx2")pd1x when b2 -4ac#0

u
1: J—dlx when nez*
a+bx"+cx?"

Derivation: Algebraic expansion

Rule: If n € Z*, then

u

u
J— dx — JRationalFunctionExpand[ x] dx

3
a+bx"+cx?" a+bx"+cx?"

Program code:

Int[u_/(a_.+b_.*x_"n_.+c_.*x_"n2_.),x_Symbol] :=
With[{v=RationalFunctionExpand[u/ (a+b#x"n+c#x" (2#n)),x1},
Int[v,x] /;

sumQ[v]] /;
FreeQ[{a,b,c},x] && EqQ[n2,2xn] && IGtQ[n,0]
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X

u
3 j—m
ax"+bVecx"

Derivation: Algebraic simplification
Basis: —-— == 2=

1
Z+W z2-w?

Rule:

u
J—dH
ax"+bVecx"

Program code:

Int[u_./(a_.*x_"m_.+b_.xSqrt[c_.*x_"n_]),x_Symbol] :=
Int[u*x (a*x*m-b*Sqrt[c*x”n]) / (a”2xx” (2xm) -b*2xcxx”n) ,x] /;
FreeQ[{a,b,c,m,n},Xx]

J

u(ax'"—b\/cx")

a2x®" - b2 cx"

dx
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Substitution integration rules

1: JF[a+bx] dx

Derivation: Integration by substitution
BaSB:Ha+bu==§Fp+bx]@(a+bq
If[TrueQ[$LoadShowSteps],

Int[u_,x_Symbol] :=
With[{lst=FunctionOfLinear[u,x]},
ShowStep["","Int [F[a+bxx],x]","Subst [Int[F[x],x],X,a+b*x]/b",Hold[
Dist[1/1st[[3]],Subst[Int[1st[[1]],X],X,1st[[2]]1+1st[[3]1%x],x]1]] /;
Not[FalseQ[lst]]] /;
SimplifyFlag,

Int[u_,x_Symbol] :=
With[{lst=FunctionOfLinear[u,x]},
Dist[1/1st[[3]],Subst[Int[Lst[[1]],X],X,1st[[2]]1+1st[[3]]*x],x] /;
Not[FalseQ[1lst]]]]
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2,

X" F[x"] dx when GCD[m +1, n] >1

_ F[(ex)"]
1: J”———::———-dx
Derivation: Integration by substitution

Basis: FLexl . F
X

[(cx)"] n
n<cx>n @X <CX>

Rule:

F n
J:llﬁfl_ldx - lSubstU‘F[x]dlx,x,(cx)"]
X n X

Program code:

If[TrueQ[$LoadShowSteps],

Int[u_/x_,x_Symbol] :=
With[{lst=PowerVariableExpn[u,@,x]},
ShowStep[““,"Int[F[(C*x)An]/x,x]",“Subst[Int[F[x]/x,x],x,(C*x)An]/n",Hold[
1/1st[[2]]+Subst[Int [NormalizeIntegrand [Simplify[1st[[1]]/x],x],x],x, (1st[[3]1]1*x)~1st[[2]1]]] /;
Not[FalseQ[lst]] && NeQ[lst[[2]],@]] /;
SimplifyFlag & NonsumQ[u] && Not[RationalFunctionQ[u,x]],

Int[u_/x_,x_Symbol] :=

With[{lst=PowerVariableExpn[u,@,x]},

1/1st[[2]]+Subst [Int [NormalizeIntegrand [Simplify[1st[[1]]/x],X],x],X, (1st[[3]]1#x)~1st[[2]]1] /;
Not[FalseQ[lst]] && NeQ[lst[[2]],@]] /;
NonsumQ[u] && Not[RationalFunctionQ[u,x]]]
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2: [x"F[x"] dx whenm# -1 A GCD[m+1, n] >1

Derivation: Integration by substitution

Basis: Letg = GCD[m + 1, n],thenx" F[Xx"] = 1 (x&) (ML)/&1F| (x8)N/&| 5, x8

Rule:lf m+ -1,letg = GCD[m+ 1, n],if g > 1,then

J}mF[xﬂ dx — lSubst[JB(“m”/’g‘lF[xmg]cﬂx,X,xg:
g

Program code:

If[TrueQ[$LoadShowSteps],

Int[u_*x_"m_.,x_Symbol] :=
With[{1st=PowerVariableExpn[u,m+1,x]},
ShowStep["If g=GCD[m+1,n]>1,","Int [x mxF[x*n],x]",
"1/g*Subst [Int [x" ((m+1) /g-1) *F [x"(n/g) ],X] ,X,X"g] ",Hold[
1/1st[[2]]+Subst [Int [NormalizeIntegrand [Simplify[1st[[1]]/x]1,x],x],x, (1st[[3]11*x)"1st[[2]1]]] /;
Not[FalseQ[lst]] && NeQ[lst[[2]],m+1]] /;
SimplifyFlag & IntegerQ[m] && NeQ[m,-1] & NonsumQ[u] && (GtQ[m,@] || Not[AlgebraicFunctionQ[u,x]]),

Int[u_*x_"m_.,x_Symbol] :=
With[{lst=PowerVariableExpn[u,m+1,x]},
1/1st[[2]]+Subst [Int [NormalizeIntegrand [Simplify[1st[[1]]/x],X],x],X, (1st[[3]1#x)~1st[[2]]1] /;
Not[FalseQ[lst]] & NeQ[lst([[2]],m+1]] /;
IntegerQ[m] && NeQ[m,-1] && NonsumQ[u] & (GtQ[m,@] || Not[AlgebraicFunctionQ[u,x]])]
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3: |x"F[x] dx whenmeF

Derivation: Integration by substitution
Basis: If k € z*, then x" F [x] =k (x*/¥) k(m)-1p [ (x1/¥) k} Oy x1/K

Rule: If m € F, let k = Denominator [m], then
jx'“ F[x] dx — kSubst[jxk M1 E[x*] ax, x, xl/k]

Program code:
Int[x_"m_xu_,x_Symbol] :=
With [ {k=Denominator[m]},

k*Subst [Int [x” (k% (m+1) -1) *xReplaceAll [u, x->x"k] ,X] , X, X" (1/k) ]] /5
FractionQ[m]

4. J‘F[‘\)a+bx+cx2 , x] dx

1: J a+bx+cx? ,x]d]xwhena>e

Reference: G&R 2.251.1 (Euler substitution #1)

Derivation: Integration by substitution

Basis:F{\/a+bx+cx2, x} =

ZSUbS‘t[C\/_ bx+va x2 F { c/a -bx+/a x? ~b+2+/a x , X, -/a +\/a+b x+c x? oy /3 +\/aibxic X2

(c-x?)? c-x? ’ c-x? X X

Rule: If a > 0, then
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" cVa -bx+Va x* cVa -bx+Va x> -b+2Va x
JF[\/a+bx+cx ,x]dlx—»ZSubst[J F[ N > ]dlx, X,

(c—xz)2 c - x? c-X

-Va +Va+bx+cx?

X

]

Program code:
If[TrueQ[$LoadShowSteps],

Int[u_,x_Symbol] :=
With[{lst=FunctionOfSquareRootOfQuadratic[u,x]},
ShowStep["","Int [F[Sqrt[a+bxx+cxx*2],x],x]",
"2xSubst [Int[F[ (cxSqrt[a]-bxx+Sqrt[a]*x"2) / (c-x"2), (-b+2xSqgrt[a]*Xx) / (c-Xx"2)]*
(cxSqrt[a]-bxx+Sqrt[a] *x"2) / (c-x*2)*2,x],X, (-Sqrt[a] +Sqrt[a+b*x+c*x*2]) /x]",
Hold[2xSubst [Int[1st[[1]],x],x,1st[[2]1]1]1]1] /3
Not[FalseQ[lst]] & EqQ[lst[[3]],1]] /;
SimplifyFlag && EulerIntegrandQ[u,x],

Int[u_,x_Symbol] :=
With[{lst=FunctionOfSquareRootOfQuadratic[u,x]},
2xSubst [Int[1st[[1]],x],X,1st[[2]1]] /;

Not[FalseQ[lst]] & EqQ[lst[[3]1,1]] /;
EulerIntegrandQ[u,x] |

2: J a+bx+cx? ,x]dlxwhena;ﬁa/\c>a

Reference: G&R 2.251.2 (Euler substitution #2)
Derivation: Integration by substitution

Basis:
F{\/a+bx+cx2, x} =

@]

avc +bx+/c x32 avc +bx+/c x? —a+x2 2} 2
ZSubst{ (br2 e x)° F{ 022 /< x ’mzﬁx}’x’\/ x+\/a+bx+cx @X(\/C x+\/a+bx+cx

Rule:If a » @ A c > 9, then
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Ve +bx+Ve x* ;avc +bx+Vc x2 -a+ X2 )
[\/a+bx+cx ,x]dlx—»ZSubst[ [ B ]dlx,x,Vc x+‘\/a+bx+cx ]
b+2V ) b+2Ve x b+2Ve x

Program code:

If[TrueQ[$LoadShowSteps],

Int[u_,x_Symbol] :=
With[{lst=FunctionOfSquareRootOfQuadratic[u,x]},
ShowStep["","Int[F[Sqrt[a+bxx+cxx"*2],x],x]",
"2xSubst [Int [F[ (a*Sqrt[c]+bxx+Sqrt[c]*x”2) / (b+2xSqrt[c]*xX), (-a+x"2)/ (b+2xSqrt[c]*x)]=*
(axSqrt[c] +bxx+Sqrt[c]*x”2) / (b+2xSqrt[c]*x)~2,x],X,Sqrt[c]*x+Sqrt[a+bxx+c*x*2]]1",
Hold[2xSubst [Int[1st[[1]],x],x,1st[[2]1]1]1]1] /3
Not[FalseQ[lst]] & EqQ[lst[[3]1,2]] /;
SimplifyFlag && EulerIntegrandQ[u,x],

Int[u_,x_Symbol] :=
With[{lst=FunctionOfSquareRootOfQuadratic[u,x]},
24Subst [Int[1st[[1]],x],X,1st[[2]1] /3

Not[FalseQ[lst]] & EqQ[lst[[3]1,2]] /;
EulerIntegrandQ[u,x] |

3: j a+bx+cx? ,x]dlxwhena}eAc}O

Reference: G&R 2.251.3 (Euler substitution #3)

Derivation: Integration by substitution

Basis:F{\/a+bx+cx2, x} =-2+/b*-4ac

2 2 2
Subst{ x F{_ b’-4ac x _b“cm*(b*m)w y, 2cvabed | g 2eabwed
(cx2)? <z 2¢ () 2 X o daciaex] b braac acx

Rule:If a ¥ @ A c # 9, then
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J\F[\/a+bx+cx2,x] dx —

24 b*-4ac Subst[J( XZ)Z F[-

Program code:

If[TrueQ[$LoadShowSteps],

Int[u_,x_Symbol] :=

Vbi-4ac x bc+cVb*-4dac +(—b+ b2—4ac)x2
c-x? T 2c (c-x?)

With[{lst=FunctionOfSquareRootOfQuadratic[u,x]},
ShowStep["","Int[F[Sqrt[a+bxx+cxx"*2],x],x]",
"-2%Sqrt[b”2-4xaxc] *Subst [Int[F[-Sqrt[b”2-4xaxc]*xx/ (c-x"2),

(bxc+cxSqrt[b”2-4xaxc] + (-b+Sqrt[b”2-4xaxc]) *x"2) / (-2%xC* (Cc-x"2) ) ] *x/ (c-x"2)"2,x],

X,2xCc*Sqrt[a+bxx+cxx”2]/ (b-Sqrt[b”2-4xaxc]+2xcxx)]",
Hold[2%Subst [Int[1st[[1]],x],Xx,1st[[2]1]1] /;

Not[FalseQ[lst]] && EqQ[lst[[3]],3]] /;

SimplifyFlag && EulerIntegrandQ[u,x],

Int[u_,x_Symbol] :=

With[{lst=FunctionofSquareRootOfQuadratic[u,x]},

2xSubst [Int[1st[[1]],X],X,1st[[2]1]] /3
Not[FalseQ[lst]] & EqQ[lst[[3]1,31] /;

EulerIntegrandQ[u,x] |

Algebraic expansion integration rules

1
1.j dx whenneZ A n>1
a+bv"

1 n
1. J dx when -~ ez*
a+bv" 2
1
1:J dx
a+bv?

Derivation: Algebraic expansion

dx, X,

2cVa+bx+cx?

b-Vb%2-4ac +2cx
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Basis: —— == 1 + 1
) 2a(1+—=2 )

a+b z? 22 (1, z
A/ -a/b A/ -a/b

Rule:

1 1 1 1 1
dx — — —dx + — — dx
a+bv? 2a | 1- —¥ 2a | 14+ —¥

Program code:

Int[1/ (a_+b_.*v_"2),x_Symbol] :=
(*1/ (2%a) »Int [Together[1/ (1-Rt[-b/a,2]*v)],x] + 1/ (2*a)*Int[Together[1/ (1+Rt[-b/a,2]*Vv)]1,x] /; *)
1/ (2*a) *Int [Together[1/ (1-v/Rt[-a/b,2])]1,x] + 1/ (2*a)*Int[Together[1l/ (1+v/Rt[-a/b,2])]1,Xx] /;

FreeQ[{a,b},x]

1
Z:J. dx when 2e€zZ A n>2
a+bv" 2

Derivation: Algebraic expansion

1 _ 2 Zn/Z 1

atbz"  an Zk=1

Basis: If % e Z*,then

Rule: If% eZ A n> 2, then

1 g 2 E 1 g
X — X
a+bv" - ani— | 1. (_1)—4k/n (_g)—Z/n V2
: b

Program code:

Int[1/ (a_+b_.*v_"n_),x_Symbol] :=
Dist[2/ (a*n) ,Sum[Int [Together[1/ (1-v~2/ ((-1)" (4xk/n)*Rt[-a/b,n/2]))]1,x],{k,1,n/2}],x] /;

FreeQ[{a,b},x] && IGtQ[n/2,1]
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1 n-1
2: J- dx when —= ez*
a+bv" 2

Derivation: Algebraic expansion

Basis: If n e z*,thena +bz" = a [, (1- (-1) 2%/" (—%)’”n z)

. + 1 1 <n 1
Basis: If n € z*, then b2 & an Jk-1 1 (1) 2o (2] T

a
b

Rule: If % € 7Z*, then

1 1 1
dx — —2 " dx
bv" an -2k a\-1/n
a+bv e ) 1- (-1)-2k/n (—b) v

Program code:

Int[1/ (a_+b_.*v_"n_),x_Symbol] :=
Dist[1/ (a*n),Sum[Int[Together[1/ (1-v/ ((-1)~(2xk/n)*Rt[-a/b,n]))1,x],{k,1,n}],x] /;
FreeQ[{a,b},x] && IGtQ[ (n-1)/2,0]
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Py
2: J dx when nez*
a+bu"

Derivation: Algebraic expansion

Rule: If n € Z*, then

P, Px
J dx — J(Expandlntegr‘and[ B x] /. x—>u) dx
a+bu" a+bx"

Program code:

Int[v_/(a_+b_.%u_"n_.),x_Symbol] :=
Int [ReplaceAll [ExpandIntegrand [PolynomialInSubst [V,u,x]/(a+bxx”n) sx],xou],x] /5
FreeQ[{a,b},x] && IGtQ[n,0@] && PolynomialInQ[v,u,Xx]

3: ju dx when NormalizeIntegrand[u, x] #u

Derivation: Algebraic simplification

Rule: If NormalizeIntegrand[u, x] # u,then

Ju dx — jNor‘malizeIntegr‘and[u, x] dx

Program code:

Int[u_,x_Symbol] :=
With[{v=NormalizeIntegrand[u,x]},
Int[v,x] /;

v=1=u]
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4: [udx when ExpandIntegrand[u, x] isasum

Derivation: Algebraic expansion

Rule: If ExpandIntegrand[u, Xx] isasum,then

Ju dx — JExpandIntegrand[u, x] dx

Program code:
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Piecewise constant extraction integration rules

1: Ju (a+bx")? (c+dx")%dx whena+d=@ Ab+c=0 Am+n=0 Ap+q==0

Derivation: Piecewise constant extraction

BaSiSI OX ﬁ;ﬁ —= @

Rule:lf a+d=0 Ab+c=0  AmM+n=0 Ap+q-=-

a+bx’")p (c+dx“)q

Ju (a+bx")? (c+dx")%dx — ( "

Program code:

Int[u_.*x(a_.+b_.*x_"m_.)"p_.x(c_.+d_.*x_“*n_.)"q_., x_Symbol] :=
(a+bxx”m) *px* (c+d*x”*n) *q/x” (mxp) *Int [uxx” (mxp) ,x] /;
FreeQ[{a,b,c,d,m,n,p,q},x] & EqQ[a+d,0] && EqQ[b+c,0] && EqQ[m+n,0] && EqQ[p+q,0]

ju x"P dx
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2: Ju (a+bx"+cx*")Pdx when b>-4ac=0 A p+%ez

Derivation: Piecewise constant extraction

. . n n
Basis: If b>-4ac =0 A p- 3 €Z,then (a+bx"+cx2")P = Lasbxeex® () ¢ xN)2P
(4¢c)P72 (b+2 cxM)

Basis: If b2 - 4 a ¢ == 9, then &, Vabxlze Xt __ g

b+2 c x"
Rule:If b>-4ac=0 A p-1cz,then
VaTheioa™
J\u(a+bx"+cx2")pd1x—> 2 l:x €x ju(b+2cx")2pdx
: )

(4c)”z (b+2cx"

Program code:

Int[u_=+(a_+b_.*x_"n_.+c_.*x_"n2_.)"p_, x_Symbol] :=
Sgrt[a+b*x*n+cxX” (2xn) ]/ ((4*C)”(p-1/2) x (b+2xcxx”n) ) *Int [ux (b+2xCxx*n)* (2xp) ,X] /;
FreeQ[{a,b,c,n,p},x] & & EqQ[n2,2xn] && EqQ[b”2-4xaxc,0] & IntegerQ[p-1/2]
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Substitution integration rules

1: JF[(a+bx)1/“, x] dx when nez

Derivation: Integration by substitution

Basis: If nez, then F | (a+bx)", x| = 2 Subst|x" 1 F|x, -2+ X |, x, (a+bx)¥"| 0y (a+bx)"

Rule: If n € z,then
a x"

JF[(a+bx)1/", x] dx — 2Subs‘c[J‘x"‘lF[x, -— 4 —] dx, X, (a+bx)1/”]
b b b

Program code:

If[TrueQ[$LoadShowSteps],

Int[u_,x_Symbol] :=
With[{lst=SubstForFractionalPowerOfLinear [u,X]},
ShowStep["","Int[F[ (a+bxx)~(1/n),x],x]1",
"n/bxSubst [Int [x" (n-1) *xF [x,-a/b+x*n/b],x],x, (a+b*x)~ (1/n)]",Hold[
1st[[2]]*1st[[4]]*Subst[Int[1st[[1]],x],Xx,1st[[3]1]1~(1/1st[[2]])11] /;
Not[FalseQ[1lst]]] /;
SimplifyFlag,

Int[u_,x_Symbol] :=
With[{lst=SubstForFractionalPowerOfLinear [u,X]},
1st[[2]]*1st[[4]]*Subst[Int[1lst[[1]],x],X,1st[[3]]1~(1/1st[[2]])] /;

Not[FalseQ[1lst]]]]
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C: ju dx

Rule:

judlx — u dx

Program code:



